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Abstract. Let Pq denote the Wiener measure defined on the canonical space (f2 — C(R+,R), 
{Xt)t>o, {J-t)t>o), and (St) (resp. (/*)), be the one sided-maximum (resp. minimum), (Lj) the local 
time at 0, and (Dt) the number of down-crossings from 6 to a (with 6 > a). Let / : KxM^ — >]0, +oo[be 
a Borel function, and (At) be a process chosen within the set : {(^i); [St, t); {St, It, L^); (Dt)}, 

which consists of 5 elements. We prove a penalization result : under some suitable assumptions on /, 
there exists a positive ((J^t), Po)-martingale (Af/), starting at 1, such that : 

,1™ = (r^) '-^ [ir.M/] , VF, e .F. and s > 0. (0.1) 

We determine the law of (Xt) under the p.m. Qq defined on by jHIIl- For the P*,3'''^ and 

5*'' elements of the set, we prove first that Ql{Aao < 00) = 1, and more generally (5q(0 < g < 00) — 1 
where g — sup{s > 0, Ag ^ ^00} (with the convention sup0 = O). Secondly, we split the trajectory of 
{Xt) in two parts : {Xt)o<t<g and {Xt+g)t>o, and we describe their laws under Q^, conditionally on 
^'"^ and 4*'* elements, a similar result holds replacing A^o by resp. 5*00, 5*00 V loo- 
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1 Introduction 



1.1 Let {Px)xeR be the family of Wiener measures defined on the canonical space (D, = C(M-|_,M), 
{Xt)t>o, {^t)t>o)- To an (.Ft)-adapted, non negative process {Ft)t>o such that < Ex{Ft) < oo, for 
any < > 0, x G M., we associate the probability measure f. defined on {fl, Tt) as follows : 

Qlti'^t) = -{f^, Ex[\rM, r^e^t. (i.i) 

A priori, the family {Q^t \ t > 0) is not consistent : Q^^iTs) may be different from g{Ts) 
for Fs e Ts and s < i; in fact, it is easy to see that {Q^^^t > 0) is consistent, if and only if 
Ft = Ft/Ex[Ft] ; t > is a P^^ -martingale. When this condition holds, we write instead of Qx t- 
is well defined since (r^) = Ex[lr,Ft], e and s <t. 

In a previous study (^li we have considered Ft = exp 2 J ^ (-^ s)ds^ , where V : M — > M_(. 

is a Borel function. Our basic result was the following : under some suitable assumptions on V, for 
any given s > and Tg in J^s, Qx tO^s) converges as i — > 00, to Q^{Ts) where F is the (Pa;)-martingale 

Ft = ^,Ft = ^ exp { - i ViX.)dsY (1.2) 

and ipv is a "good" positive solution of the Sturm-Liouville equation ip" = Vcp. The weak convergence 
of t to Qx 1 t ^ 00, is a direct consequence of the two following facts : 

{{Xt, Ft) ] t> 0) is a Markov process, (1.3) 



Ex[Ft] = [exp { - i ^ V{X,)ds^ 



t ''(^1/(2;), for some fc > 0. (1.4) 



1.2 The goal of this paper is to deal with a more general setting by considering Ft = f{Xt, At), where 
/ : R X R'^ — >]0, +00 [ is a Borel function, (At ; t > 0) is (Tt) adapted and R'*- valued. We suppose 
moreover : 

(y/=^\Xt, At) ; t > 0) is a (^{Px)xeR ; (J^Ot>o)-Markov process. (1.5) 



Let (Af)t>o — \^At{y, dy') — At{x,a;dx'da');t > Oj be its semigroup (we denote y — {x,a) and 
y'^{x',a')). 

To recover the setting of jj^l) CHI recalled above, it suffices to choose d = 1, f{x,a) — e and 

At = V{Xs)ds. Let (Qx ti a; g R, i > 0) be the family of p.m. (= probability measures) associated 
Jo 

with {Ft)t>o ■■ 

Qr.(r.) = ^^.[Ir.^.] - ^-^^^^^Fx[lrMXt,At)], P. e:Ft,t> 0. (1.6) 

We now present a " meta-theorem" , i.e. a statement which will hold in great generality, so much so 
that our remaining study shall consist in verifying that the hypotheses of Theorem 1 1 . 1 1 hold in various 
cases. 
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Theorem 1.1 Let yo — {xo,ao). We suppose PxoiAo = oo) = 1 and 

M,(yo,/;y):= lim ^^7^^^ (1.7) 

exists, for any s > and y — {x,a) d R x M.'^, 
At-.(/)(y) 



Mf){yo) 



<Cis,y) ■,yt> s, (1.8) 



where E^g [C{s, Yg)] < oo. 
Then : 

1. {Ms '■— Ms{yo, f;Ys); s > 0) is a non-negative P^g -martingale, and Mq — l,Px„-a.s. 

2. Qf„_, converges weakly to Ql[, t ^ oo (i.e. ^lim Qf^ ^(r,) = g*^(r,), VF, e T^, Vs > 0), 
where : 

0^(r,) = e,,[ItMsI Ts&Ts-, s>q. (1.9) 

By definition, the p.m. Q^^ t absolutely continuous on {Q,,Tt), with respect to the Wiener measure. 
The Radon-Nikodym density Ft/E\Ft\ may be interpreted as a weight or a penalization as it is done 
in statistical mechanics. In the sequel, Theorem 11.11 will be refered to as a penalization principle. 

Proof of Theorem 11.11 Let s > and e Tg fixed. Using the definition of Q^^iVs) and the 
Markov property we have : 



Xo 



At-s{f){Xs,As) 



At(/)(a;o,^o) 

Property 11.7|l and inequality p. 8(1 allow us to apply the dominated convergence theorem : 

lim Q^A^s) - Q^iiTs), 

t— too ■ " 

whereM, = M,(2/o, /;>".). 

It is clear that Mo{yQ, /; Yq) — 1; consequently Pxo{Mo = 1) = 1. 

Let < s < s' and Tg G J-g] since Tg £ Tg' we have : Exgilr^Mg] — Exoilr^Mgi]. This means that 
(Mt) is a Pjg-martingale. ■ 

1.3 In this paper, we investigate four cases of examples involving respectively for (At) : 

• the unilateral maximum (resp. minimum) St (resp. L) '. St = max X„ (resp. It — — min X^). 

0<u<t 0<u<t 

We also consider, in the same case study the two-dimensional process {St,t). 

• iL^;t> 0) the local time at of {Xt)t>o. 

• The triplet {{St, It, L°);t > 0). 

• {Dt',t > 0) the number of down-crossings of X from level b to level a. 
We observe that, in all cases, the function Mg{yo, /; y) may be written as : 

M{f;y) „g 

^ 1 



M{f;yo) 



for some function M and some a € R; in fact a = 0, except for the case 1, b), as shown below. 
Since s — > Mg{ya, /; Yg) is a -martingale, it is clear that s M{f; Ys)e"^ is also a Pj;^ -martingale. 
The results are summarized in the following Table : 
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(1.10) 



These four cases will be treated in sections l3. 113.41 respectively. 
Let us describe the martingale M(/; Yt)e"* for each case. 

Case 1. a) We have : 

= {St - XtMSt) + 1 - <f{St), 

where 1^9 : M i-^ K+ is bounded, / (p{u)du = 1 and $(a;) = / ip{u)du. 

J —QO 

b) More generally, for A > : 

M,'-- ^ {(1 - ^St)) cosh {MSt - Xt)) + ^(g^) ^i"MM^.-^0) |^-.^V2^ (l.n) 
where ip - ^+,^xix) = e^^l{j.<o}, 1 - * = "0 * "^a and ip = 

Both families {M^,M^''^) were intensively used in pp to solve Skorokhod's problem for Brownian 
motion. The class (M^) (resp. {M^'"^) is defined in detail in Proposition l3.1l fresp. Proposition 13.3(1 
and the special case of the related meta-theorem in Theorem 13.61 fresp. Theorem 13. 9(1 . 



Case 2. Let h+^h" 



We suppose H(+oo) — 1. {M^ ' ' ) is the martingale : 



1 r 

K+ be two Borel, bounded functions, - / {h'^{u) + h {u))du. 

2 Jo 



t 



X+h+iLl) + Xrh-{L'}) + l-H{Ll). 



(1.12) 



These martingales appear in0. 

The limit theorem associated with At = is stated, only with xg = 0, in Theorem 13. 131 
Case 3. Let ly he a p.m. on [a, oo[x [a, 00 [ for some a > and : 



11,1 



A^{s,i,l)= I e2Vo + J4{Q>s^b>i}zy(da,d6) ; s,z,Z > 0. 
(Mr) is the martingale : 

Mr = I (1 - ^) (1 - ^) cxp{i(i + i)L?} l,s.<_.,.<_,,.ida,db). 



(1.13) 



Some properties of the family (Mr) are given in Proposition 13.161 and the penalization principle is 
stated in Theorem 13.181 

Case 4. Let Dt be the number of down-crossings from b to a, achieved by {Xt) up to time t, and 
(G(n))^^^g be a decreasing sequence of positive numbers such that G{0) = 1 and lim G{n) = 0. Then 



M, 



n>Q K 



,,/G(n)/ , b-Xt\ , G{n + l)Xt-a 



b — a 



b — a 



(1.14) 
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G(n + 1)/ b-Xt\ G{n)Xt-a 



where ao = and ((T„)„>i is defined inductively as follows : cti = inf{t > ; Xt > b}, 02 = inf{< > 
0, Xt < a}, where (0„)„>o denotes the family of shift operators 

on the canonical space. 

The corresponding case of the meta-theorem is stated in Theorem 13.211 

1.4 Theorem 11.11 leads naturally to ask for a description of the law of {Xt)t>Q under Q^. Since 
(Mt)i>o is a strictly positive (Pa;o)"ni3'rtingale, it may be written as an exponential martingale : 

Mt = E{J)t = exp { ^ JsdX, - i ^ J^ds}, 
for some adapted process (Jt)t>o- 

Girsanov's Theorem implies that (A; t > 0) = (^Xt — J J, ds; t > is a (3;J^-Brownian motion. 

Suppose that (x,a) — > M{f;x,a) is of class C^'^ and {At) has bounded variation. Then by Ito's 
formula we obtain : 

Jt-«+^(log {Mif;Xt,At))). 
Consequently (Xt) solves the following stochastic differential equation : 

rt dM 

Xt = Pt+l {a+^{f-X,,A,)ys. (1.15) 







We may recover (|1.15|l in a different manner. Suppose for simplicity that a — Q . It is clear that 
{M{f\Ys);s > 0) is a non-negative Pa;^ -martingale. In other words, y — > M{f;y) is a non-negative 
harmonic function with respect to {Yt)t>o, under P^g. In particular {Yt)t>o is a Q^-Markov process 
with semigroup : 

If (x, a) i-^ M{f; X, a) is of class C^'^, then the generator associated with the semigroup (Af^) is 

, ^2 dM a ^ a 

This gives a new proof of p.l5|l . 

However in our four classes of examples we observe that the drift term in (|1.15l) is explicit but com- 
plicated and therefore does not allow to identify directly the law of {Xt) under Q*^. Suppose that 
{At)t>Q is a one-dimensional process, Qxq{^Q = 0) = 1 and t ^ At \s continuous and non-decreasing. 
The r.v. A^o^ which may be infinite, plays a central role in our approach. We claim that we may 
compute the distribution function of A^o under Qxo- Let {A^^)t>o be the right inverse of s ^4^, i.e. 
: At'^ = inf{s > 0, > t}. We have : 

QxMt > «) = QxoiK^ <t)^ Ex,[l^A^^i^t}^it] = Ex,[l^A-i^t}MA-A- 

Note that the last equality follows from the optional stopping theorem. 
Since Af^-i > 0, taking t — > 00, in the previous expression, we get : 

Qxo(^oo > a)^Exo[l{A~'<oo}MA-A = ^^o[l{A-i<oo}^^(2^o,0,/;X^-i,a)]. 

In cases 1 (with A — S only), 2 and 4, we prove that Qxoi-^oo < 00) = 1, and more generally 
Qxoi^ < 9 < 00) = 1 where g — sup{s > 0, Ag — Aoo} (with the convention sup0 = 0). To describe 
the law of (Xt) under Qxoj it is convenient to split the whole trajectory in two parts : {Xt)Q<t<g and 
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{Xt+g)t>o- We observe that the random time g is not a (J^t)-stopping time but it is a last exit time. 
Using the technique of enlargement of filtrations, we are able to describe the law of {Xt)o<t<g and 
{Xt+g)t>o under Q^, conditionally to A^c (see Theorems 14 . 61 14 . 8l and 14 . 1 I|l . 

As for case 3 (i.e. At = {St, It, L'^)'^ , we prove that Qo{X^ < oo) — 1, with X^ — sup l-'fti = V loo- 

t>o 

However Qq{L^ = oo) = 1. Conditionally on X^, the law of {Xt)t>o is given in Theorem 14.91 via a 
path decomposition at time g = s\ip{t > 0;\Xt\ = X^}. 

1.5 In Section|Sl we recover previous results, using a direct approach based on a disintegration of Qo- 
We exhibit a family (g|,°^ a £ R^) of p.m. on (f2,jFoo) such that : 

Qo(-)= / Ql,''\■)^l{da), (1.16) 

where in cases 1 (resp. 2, 3), fi is the law of 5oo (resp. L^, {Soa, loo, L^))- 

We are able to determine the law of (Xt) under Qq""*, for any a. Moreover this distribution does not 
depend on /. 

1.6 Finally, in Sectional we present several other directions of research, which we have now begun to 
investigate and will be the subject of a future publication. 



2 Notation 

In the sequel of the paper we shall use intensively the following notation and conventions. 

• (fi = C(K+,R), {Xt)t>o, {^t)t>o) is the canonical space, with {Xt)t>o the coordinate maps : 
Xt{uj) = Lu(t) and Tt = crjX^; < s <t} ■,t>0. 

• {Px)xeM. is the family of Wiener measures on the canonical space Q : under P^, {Xt)t>o is a 
one-dimensional Brownian motion started at x. 

Let A and x be two real numbers. We denote by Pi^'' the p.m. on the canonical space, under 
which {Xt)t>o is a Brownian motion with drift A, started at x. Obviously Px — Pi"' and {Xt)t>Q 
is distributed under Pi^^ as {Xt + Xt)t>Q under P^. 

If Q is a probability measure (p.m.) on f2, the expectation with respect to Q is denoted Eq. 
However if Q = P^., we shall write for Ep^ for simplicity. 

• {(^t)t>o is the family of shift operators from fl to il, defined by dt{u!){s) — LLj{t + s) ; s > 0, t > 0. 

• For any a € R, Ta is the first hitting time of level a, namely : Ta = inf{t > 0, Xt ~ a}. We 
adopt the convention inf{0} = +oo. 

• {St',t > 0) (resp. {—It',t > 0)), is the one-sided maximum (resp. minimum) : 

5*4 = sup Xu ; It = - inf 

0<u<t 0<u<t 

• The bilateral maximum {Xf)t>o is the process : 

x; = StVit = sup \x^\. 

0<u<t 

• {Lf;x G R, i > 0) is the jointly continuous family of local times associated with {Xt)t>o- For 
simplicity we write {Lt)t>o instead of {Lf)t>o. 

• If J is a predictable process (with respect to {J-t)) such that / J^ds < oo P^ a.s. for every t, 

Jo 

then we denote by £{J)t the P^-local martingale : 

exp { ^ J,dX, J^ds], t > 0. 
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3 Penalization and associated martingales 



3.1 Case 1 : The one-sided maximum 

In this section, we consider two families of local martingales {Mf) and {M^'"^) involving the one- 
sided maximum. These local martingales are well-known : they play a prominent role in Azema-Yor's 
solution of Skorokhod's problem studied in ^ . We will show (see Theorems 13.61 and 13. 9|) that a 
sub-class of the previous local martingales appears naturally after a penalization procedure. 

3.1.1 The local martingales associated with the one-sided maximum 

Let us start with local martingales of the form H{Xt, St), and more generally H{Xt, St, t), for some 
function H . 

Proposition 3.1 1. Let Lp : M — >]0, +oo[ he a Borel function such that 
tf{u)du < oo, and define ^(s) = / tp(u)du. Then : 



:= [St - Xt)'f{St) + 1 - (3.1) 
is a Px- martingale, Mq = 1 — ^(x), a.s., and : 

Mf ^l- <^{x) ~ f if{Su)dXu. (3.2) 
Jo 

2. Suppose moreover : 

ip{u)du = 1. (3-3) 

Then under P^, Mf > and = (1 - $(a;))£( J"^)* where : 
_ ^{St) fiSt) 



Remark 3.2 1. Note that the local martingale {M() is actually a martingale since : 

sup |M;f| < l + 2||<y9||oo sup \Xu\. 

0<u<t 0<u<t 

2. Taking (p(u) ~ — Iro a\M, with a > 0, we obtain : $(x) — —{x A a) and Mf — 1 -. 

a a a 

We now recall the definition of Kennedy's martingales, which also played some role in the computation 
of the laws of the stopping times studied in [Tl . 

Proposition 3.3 Let A > 0, (/? : K — > R &e a locally integrahle function, $ be any primitive of Lp 
(ip{x) = ^'{x)). Let (Mj^'"^) be the process : 



Then : 



{(1 - ^St)) cosh {HSt - Xt)) + (3.5) 



1. {Al^''^) is a Px-local martingale. Under P^, Mq'^ = 1 — ^{x) and : 



M^'^ = l-$(x)-y {-A(l-$(5„))sinh(A(5„-X„))+(^(5„)cosh(A(5„-X„))}e-^'"/2^X„. 

(3.6) 
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2. Let xq G M. Then M^'^ > 0, Vt > , Pxg a.s. if and only if there exists a Borel function 
^ : M i-^ [0,00 [ and a non-negative constant k, such that the two following conditions hold : 



%l>{z)e^^'- dz < oo, (3.7) 



l-^{y)^e^y(K + I il;{z)e~^'dz\ y>xo. (3.8) 



Assuming that \3. ?! ) and IS. hold, then {M^'^) is a P^g-martingale 
3. Let Tp : i-^ [Q , oo[ he a Borel function satisfying : 



oo 



^{z)e'^^dz < oo, Va; e M. (3.9) 
Let <I> : R M be the function : 

poo 

$(y) = 1 - / ij{z)e-^'dz, y G M. (3.10) 
Then : 

j>OC 

<fi.y) = *'(2/) = V'(2/) - Ae^'^ / i,{z)e-^'dz, (3.11) 
{M^'^) is a Px-martingale and : 

Ml^^ ^ |^(5,)!!!!M^i^i^M + e^^. r ^(,)e-^^dz}e-^^*/^ (3.12) 

J St 

Suppose moreover ^>0, then under ; ''^ > and Af^ ''^ = (1 - ^[x))£{J^^^)t, where : 

jx.,^ ^ ^ ^{St) cosh {\{St - X^)) + A(l - ^{St)) sinh {\{St - Xt)) 
* \{l -<^{St)) cosh {\{St-Xt))+^{St) sinh {\{St-Xt)y ^' ' 

Proof of Proposition 13.31 1) If ip is of class C^, then point 1) of Proposition 13.31 is a direct 
consequence of Ito's formula and the fact that dS is carried hy {S — X = 0}. The general case follows 
from the monotone class theorem. 

2) Let us investigate the positivity of m/'''^, under Px^. It is clear that : M^'"^ > 0, > , Pxq a.s. 
is equivalent to : 

, ^^ / , ^\ , Sluh ( A ( W — X ) ) 

(1 - ^{y)) cosh (A(y - x)) + ^{y) ^ > 0, 

for all X and y such that y > xq and x < y. 

Setting u — y — X and rewriting sinh and cosh in terms of exponential functions, it is easy to check 
that the previous inequality is equivalent to : 

e2^«((l - m) + + m - ^ > 0, yu>0,y>xo. 

Since aYi + 12 > 0, Va > 1 iff Yi > and Yi +Y2 > 0, the previous inequality is equivalent to : 

l-$(y) + ^>0, Vy>xo, (3.14) 
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and 

$(2/)<l, Vy>a;o. (3.15) 
Consequently the function -0 defined by 

i^{y) = A(l - $(y)) + ^{y),y > xo, (3.16) 
takes its values in [0, oo[. 

Recall that ^' = ip, hence (|3.16() may be interpreted as an ordinary linear differential equation in $, 
which is easily solved : 

$(y) = 1 + e^y (ko + r il^{z)e-^^dz\ , y > xo, (3.17) 

J Xo 

where kq is a constant. 

Since (|3.14|l and H3.17|l are equivalent, it remains to deal with H3.15|l . Obviously this inequality is 
equivalent to : 

rv 

Ko+ ilj{z)e~^^dz < 0, V y > xq. 
The function ip being non-negative, this last condition is equivalent to H3.7|l and 

/"OO 

K = -kq - / ?/>(z)e^^^dz > 0. 



Relation (|3.8|l is a direct consequence of (|3.17() . 

3) Choosing k = in (|^ . we easily obtain l|mT) - (|XT^ . 

4) Suppose that (f> is given by 1)3.8(1 and ip verifies ((3.7(1 . We know that {M^'"^) is a non-negative local 
martingale. We would like to prove that it is in fact a Pj,-martingale. 

/"OO 

a) Let i/jniy) = ^{y)l{y<n},'Pn = with $„(2/) ?/'„(z)e~^^dz. 

Jy 

Since for any y > x, we have : 

poo poo 

il}n{z)e-^''dz < / t(;{z)e~^^dz < / ip{z)e~^''dz, 

Jy Jy Jx 

then 

j*OQ poo 

• e^^' / V(^)e"^''rfz and e^^' / ■il;n{z)e^^''dz are P^j-integrable r.v.'s, 

Jst Jst 

poo pOQ 

• e^-^' / ■4;n{z)e'~^''dz goes to e^^* / ip{z)e^^''dz, in L^{n,P^), as n ^ oo. 

Jst Jst 

b) For u > 0, we have sinh(M) < e", then inequality ((3.32(1 (which will be proved independently later) 
implies that £':r[V'('S't)e^*'^*"^'^] < oo and 

hm |£;,[0(5i)e^<^'-^'^]-i?.[V'n(5t)e'(^'-^')]|= lim ii;,[^(50l{5.>„}e^(^'-^''] = 0. 

n — >oo n — ^oo 

c) Consequently the representation ((3.12() implies that ExlM^'"^] < oo and M^''^"' goes to M/'''^, in 
L^(S1, Pr), as n ^ oo. 

It is clear that (m/'"'^") is a Pa;-martingale. As a result, {AI^'"^) is a P^-martingale. 



9 



Remark 3.4 Recall that under Px ^\ {Xt) is a Brownian motion with drift —X, started at x. 
Let (Mt) he the process : 



Mt := M,^'^e{'^'+^'*/2} = ^(e^^^' - ei^i^x.-s,)}^ ^ ^2xx, r ^^.^^-Xz^,^ ^ > q. (3.I8) 

2A Js, 

It is clear that (Mt) is a Px martingale. 
But Px^^^{ lini Xt = — cxd) = 1, therefore, under P. 



Recall that (see e.g. Williams '1 7l; but this result also follows from Theorem \4.4i ^■)'- 

Pt^HSo. > y) = Pt^\Soo+x> y) = e-2^('^-"\ y>x. (3.19) 
This directly implies : 

^(_.) [V:^^A5.] ^ ^2A. ^^y)e-'ydy < OO. 

Finally, {Mt) is a non-negative Px martingale, converging a.s. to Moo ^ L^{^) and 
4-^)[A/o] = (1 - $(a;))e^- = e^^^ / ^(3))e-^^dy = E^^'^^MJ^. 

As a result, (Mt) is a uniformly integrable Px ^'^ martingale, and : 



2A 



, t > 0. (3.20) 



This easily implies that {M^'"^) is a Px-martingale. Hence the arguments developed in this remark may 
be used instead of those in point 4) of the Proof of Provosition Iff. M 

Remark 3.5 1. Suppose that ijj verifies the conditions given in 3. of Provosition Wl^ and 

I M,-, „ o. „ . A . „, . Mr. 

■/r 

leads us to adopt the convention Mt'^ = Mf . 
2. Ifip^ 0, then M^-° = cosh {\{St ~ Xt)) e-^'*/^. 

3.1.2 Penalization involving the unilateral maximum 

As in sub-section l3.1l (yS : R i— >]0, cx)[ is a Borel function. We suppose moreover that (|3.3() holds. Hence 

r 

Lp is actually a probability density function. We denote <^{x) = I ip{y)dy. As we shall see, the 

martingales involved in the penalization result stated below, belong to the family {Mif) as defined in 
Proposition 13.11 

Theorem 3.6 Let ip be as above. 

1. Let M > and x G M. For any Tu in Tu, we have : 

I ^c^^ ^ 1 -^Ex[lr,,M^], (3.21) 

t-^oo Ex[fiSt)\ l-^[x) 

where {M^)u>q is the martingale defined in Iff. 
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2. Let {Qx)x&R be the family of probabilities on (f2,J^oo) 
1 



1- $(a;) 



Ex[lr^ M^], for any w > 0, and r„ € J^u. 



(3.22) 



Then, under Q%, the process (Xt — x-^- f '^^jj^^ ' 



du: t > 0] is a Brownian motion, started at 0. 



Remark 3.7 {Mif ; t > 0) is a P^-martingale but it is not uniformly integrable (u.i.) : indeed, 
{Mf;t > 0) is a positive martingale, thus it converges a.s. to > 0, as t — s- oo. Let {tn)n>i be 
an increasing sequence of times such that Xt^ = St„, e.g. : tn = inf{w > 0, Xu — n} is convenient. 
Since Mf = 1 — <^(St^), under P^, Mf goes a.s. to 0, as n ^ oo. Hence, — 0. 



The proof of Theorem 13.61 requires a prehminary result. 



/"OO 

Lemma 3.8 Let x < a and ipQ : [a, +oo[h^ such that / (po{u)du < +oo. Then : 

J a 

Eq ipo[ay {x + Sy)) ^ \ —\{a~ x)ifo{a) + I ipo{y)dy\, (3.23) 



En 



ipo{aV {x + Sn)) < J — ^{a ~ x)(po{a) + (po{y)dyY 



(3.24) 



En 



ipo{a V (a; + S'„)) 



> 



Voiv) e '■^ ^^dy, for any u > 1. 



Proof of Lemma 13.81 We have 



Eo 



(po{a V (x + Su)) = ipo{a)Po{x + Su < a) + Eo[ipo{x + Su)l{x+s^>a}] 



Recall that under Pq, 

sJ^\xJ^MXi\ 



Consequently. 

Eq 



2 /•(a-x)/y^ ^ 

ipa{a\/ {x + Su)) =(/3o(a))/- / e^^ '^dz - 



(3.25) 



(3.26) 



^o{y)e 



-{y-xy/2i 



dy. 



Then and lIX^ follow immediately. 

As for H3.25|l . we have : 



Eo 



ip{a V (x + Su)) >\l— I <^o(2/)e-('«-") /'"dy - V ^ ' My)^-^'"'''^ '^dy, 



if M > 1. 



Proof of Theorem l3T6l 

1) Let s > 0, x e M and e Ts be fixed. We consider t> s. Since St ~ SsV {Xg + sup {X^+s 

0<u<t-s 

Xg)^ , and under P^, (^m+s — Xg', u > 0) is a Brownian motion started at 0, 

E,[ip{St)\Ts] ^^iSs,X,;t-s), 
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where 

Lemma 13.81 implies 



Lp{a, x; r) — Eq ip(a V {x + Sr)) 



Using Lemma 13.81 with a; = a, we obtain : 



Mf. 



>oo y Tit 



1 - <^{x)). 



It is now easy to check H3.21|l . using the two previous estimates, (j3.24|l . H3.25|l and 

E^[lrMSt)\ ^ ^ r E,[^{St)\Ts] 

2) By ProDOsition l3.1l we know that f ——Mf\ may be written as an exponential martingale. 

VI — <I>(a;) /t>o 

Consequently, point 2) of Theorem 13.61 is a direct consequence of Girsanov's theorem (cf ^H], P- 
311-313). 



We would like to generalize Theorem 13 .HI replacing the normalization coefficient ^{St) by a function 
of {Xt,St). As Theorem 13.91 below shows, a good candidate is tp{St)e^^^*~^''^ where A > and 
tp : M_|_ R+ satisfies some conditions. 

Theorem 3.9 Let A > and ip : M i— >]0, +oo[ satisfying f3.9\) . Let (f> be the function associated with 
tjj via H3.1(J\) and ip <!>'. 

1. Let M > 0, X G K. and any Tu in Tu- Then : 

,A(5t-Xt)1 ^ 



lim 



E,[lrMSt)e- 



-E,[lr^Mt'^], 



t-oo E^[^{St)e>^'^St-x,)^^ l~<^{xy 

where (M^'^) is the Px-martingale defined in Provosition \S. 'A 

2. Let {Q^'''^)x£M be the family of probabilities on (r2,JFoo) •' 

Qx'^i'^n) = ^ E,[It^ M^^% for any w > 0, and e 

1 — <l>(x) 

Then, under Q^'^ , the process 

/ _ ^ ^ /■* ^jSu) cosh {XjS,, - Xu)) + A(l - $(5„)) sinh (A(^„ - X^)) 
V * io A(l-$(5„)) cosh (A(^„-X„))+^(5„) sinh (A(5„-X„)) 

is a Brownian motion, started at 0. 

3. In fact, there is the absolute continuity relationship : 



(3.27) 



(3.28) 



; t > 



n^'V = I ( 



2A 



(3.29) 
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Recall (cf 1) of Remark IXSjl that A/°''^ = M'^.M'^ being the martingale defined in Proposition lO 
Therefore, Theorem 13.61 may be interpreted as a particular case of Theorem 13.91 since taking formally 
A = in (|T77jl we recover (pnT|l . Note that 3. of Theorem EH follows from Remark EH 
Our proof of Theorem 13. 91 is similar to that of Theorem l3.t)l An extension of Lemma 15751 is required to 
obtain an equivalent of Eq \^i){s V (x + St))e^^'^^ -^^''^^ , as i ^ cx). This result is stated below 
in Lemma [3.101 We observe that the two asymptotic rates of growth are drastically different. This 
explains why we state two separate results. 



Lemma 3.10 Let s > x, s > and i/j : 



such that 



(3.30) 



px{s, x) := V^s) sinh (A(s - x)) + Xe^'-" / ijj{z)e-^'' dz 7^ 



Then : 



"0 ^ 0, we have 



En 



Eo 



(3.31) 



(3.32) 



En 



> e 



2A 



""'/^du / ij{z)e-^''dz, (3.33) 



ift>l. 

Proof of Lemma iniini Let A be the expectation of i/;(s V (x + 5j)e{^(''V(x+St)-a;-Xt)}^ -yy^e split 
A in two parts Ai and A2, corresponding respectively to {S'f < s — x} and to {S'f > s — x} : 

Ai = ijis)e^^'--^Eo[e-^''n^s,<.-.}l 
A2 - Eo[^P{x + St)e^^'*-'''h^s,>s-.}]- 
Recall (|8j, section 2.8, p 95) and (jj^ section III. 3, p 105), that under Pq, {St,Xt) is distributed as : 



PoiSt £ db, Xt e da) = '^^'^jl—^^ e * 2* ' l{a<fc^6>o} dadb. 



V2TTt^ 



(3.34) 



1) Consequently 



\/27rt3 Jo 
Setting c = a — 26 in the a-integral, we obtain : 



( / e-^''{2b ~ a)e-^^^da^ . 



where A{t, b) = — / e^^'^ce^^'/^'dc 
^ J— 00 
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Integrating by parts, we obtain 



A{t, b) = e^" e-^ ^ ^ / ^-^c-cV2t^^ 



-b 



Setting u = + XVi we get : 



+A\/t 



Since lim 



e~"'/^du = V2^, then 6)^^^AV2^e^'*/2, and 
Ai ^^^2V'(s) sinh (A(s - x)) e^'*/^. 



2) Mimicking the approach developed in 1), we obtain 



A, 



+ 00 



il){x + h) e-^'Ait, b) db. 



\/27rt J s-x 

The decomposition H3.35|l and the finiteness hypothesis H3.30|l imply that 



A, 



t^ooi^^ I i'{x + b)e-^''db\ 

J s — x 



3) Suppose > 0. 



a) Applying 



(3.35) 



/'^du < I e"" /^du = \/27r, and A6 - — < — in ljX^ imply that 



A{t, b) < ^ A%/2^) and (pO^ . 

b) Let b e [0, s-x] andt > 1. Then - — : 
Using moreover A > A2 we obtain H3.33|l . 



b b 2 rx—s ^ 

b) Let b e [0, s-a;] andt > 1. Then - —=+\\/t > ^ > x-s and 6) > e^'*/^AVi / e^'^'^'^du. 



Proof of Theorem IsTol 

Let u > 0, X E M. and Fu e JF„. Adapting the proof of Theorem 13.61 to our new context, we have 



where 



^[s, X- r) = Eo Upis V{x + Sr)) e^(^^(-+S-)— ^'-) 
Lemma 13.101 gives the rate of increase of "0(5, x; r), r 00, if ?/) > : 

^{s,x;r)^^^2p,{s,x) e^'''/^. 

In particular, taking u = 0, we get : 

i54V(5t)e'(^*-^')],^ 2p,{x,x)e'''/'. 
Moreover if t > u + 1, and ipO!^ imply that : 

< tPa(Ju, A„)e ' , 



E4,l;{St)e^(s,-^*)] " A' 
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where fc is a constant depending only on x, u, X. 

But M^-f = ipA(5'„,X„)e~^"'/^ and {M^''^) is a Paj-martingale; consequently : 
A 



3.2 Case 2 : the local time at 

From Levy's theorem, under Pq, {{St-Xt,St);t > O) and {\Xt\, L'});t > O) have the same distribution. 
This implies that {\Xt \ ^{L^) + 1 — ^{L^) ; t > O) is a martingale with respect to the filtration of 
hence with respect to (^t)j the functions tp and $ being defined in Proposition 13.11 These 
processes are particular cases of more general martingales : 

Proposition 3.11 Let h^,h^ : — > R+, be bounded, Borel functions, and define : 

1 r' 

Hil)^- {h+{u) + h-{u))du, l>0. (3.36) 

2 Jo 

1. Then : 

Mf^-'^" = 1 - H{L'})+X+h+(L'{)+Xrh-{L'}), (3.37) 
is a Po-martingale. Moreover Mq = 1 Pq o-s-, and : 

^r^"" -l + ^*(l{x.>o}^+(i°)-l{x.<o}^"(i^°))rf^.- (3.38) 

2. If moreover : 

1 

-/ {h+[u) + h-^{u))du^l, (3.39) 

and H(l) < I, for any I > 0, then M^^''"' > and M'^* = 8{J^*-'^~)t, where : 

jh+.k- ^ l{x.>o}/^+(J^g)-l{x.<o}fe-(J^g) , . 

l-H[L^,)+Xth+{L^,) + X^h'my ^ 

The martingales {M^ ''^ ) featured in (|3.37|) and H3.38|l have already been used, e.g., in |7]. Both 
statements of Propositions 13.11 13.111 are also found in ( W , Chapter VI, "first order calculus") and 
are particular cases of application of the balayage formula. More precisely, formula l|3.38|l may be 
generalized as follows : if ihf;s > 0) and {hj;s > 0) are bounded predictable processes, and if 
gt = sup{s <t;Xs = 0}, then : 



X+h+ + X-h-^ - i j\ht + /i7)di° = ^Vil{x.>o} - l{x.<o})rf^. 



(3.41) 



Remark 3.12 1. Recall that in Proposition 15'. 31 we have introduced the family of martingales 
{M^'^); this should not induce any confusion with the family {M^ ), since the two parame- 
ters indexing the first (resp. second) family are respectively (A, 93) and (Ji^ ,h~), and belong to 
quite different sets. 
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2. In this section we restrict ourselves to Pq. Thus (Xt) is a Brownian motion started at 0. It 
would also be possible to work under P^, replacing {Mt ' ) by {l- H{Lf) + {Xt-x)+h+ {Lf) + 
{Xt — x)~ h^ (Lf) ; t > O) . However, for simplicity we only deal with x — 0. 

We now investigate penalizations involving the local time at of X. 

Theorem 3.13 Let {h'^ , h^) and {M^ ) be the functions and the martingale defined in Proposition 
urm We suppose that 1^3. 39\) holds. 

1. Let s > and Ts £ J-g- Then : 



Eo 

lim 



Ir. (/i+(L?)l{x.>o} + h-{L°)l{x,<o}) 



-oo Eo[h+{L^)^x,<o} + h-{L^)l{x,<o}] 



Eo[lr, M]} ]. (3.42) 



2. Let Qq be the probability measure on (57, J^oo) satisfying : 

gf '""(r,) = £;o[lr. Aff 

for any s > and T g £ Tg- 
Then under Qq , the process : 

Jo Ms ' ' 

is a Brownian motion. 

Remark 3.14 As observed in Remark \3. 7[ the P^-martingale [M^ ) is not uniformly integrable, 
in fact, if Ti = inf{s > 0, > I}, then : Af^ goes a.s. to as I oo. 

The proof of part 1) of Theorem 13.131 is based on the following estimate. 

fOO 

Lemma 3.15 Let f : IR+ — > be Borel and locally bounded such that I f{s)ds < oo. Let a > 

Jo 

and X € M, then 

E4f{a + Lf)^x.^o}],j:J{a)^-x+ + ^J f{s)ds, (3.43) 



/ 2 1 Z""" 

E4fia + L°,)l[x,<o}]^j:Jia)^-x- + ^J fis)ds. (3.44) 

Proof of Lemma 13.151 Since under Px, {—Xt)t>o is distributed as (Xt) under P-x, (|3.44|) is a 

direct consequence of (|3.43|) . 

To prove 13.43|l . we recall the well-known result : 

PATa e dt) = exp { - (3.45) 

On the set {Tq > t}, we have, Px a.s. : 



om _ / if a; < 0, 

/(a + ^t)l{x,>o} - I otherwise 
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Then 

E., [f{a + L?)l{x,>o}] = f{a)PATo > t)l{^>o} + At, 

where 

At = E,[f{a + Lf)^x,>o.t>T„}]- 

Using (|3.26() we have : 

P,{To >t)= Po(T|,| >t) = PoiSt < \x\) = Po{\Xi\ < M 
Therefore : 

^^(^o>*Uoo/Il-l- (3.46) 
To compute At, we use the strong Markov property at time Tq, and we get : 

At - ^4l{t>T„} 5(t - To)] , 

withg(r) = So[/(a + L;!)l{x.>o}]. 

Since under Pq, {—Xu) and (X^) have the same distribution, 

9{r) = ^Eo [f{a + L^)] - ^Eo [f{a + Sr)] , 

the last equahty being a consequence of Levy's theorem. 

Applying Lemma ITSl (with s = x = a, u = r and = f), we obtain : 

g{r) ~ / f{s)ds. 

Consequently, At ~ —j= \ f{s)ds. 13.43|1 follows immediately. ■ 



The remainder of the proof of Theorem 13.131 is left to the reader, since it is similar to the proofs of 
Theorems EH and EHI 

3.3 Case 3 : the maximum, the infimum and the local time. 

For simplicity we restrict ourselves to Pq. The family of martingales playing a central role in this 
section may be new. This family is related to martingales of the type {M^ ). More precisely, let : 

h+{l) = -e^\h-{l)^le^\ (3.47) 
a b 

with c = i f i + i y a > and 6 > 0. Then H{1) = ef'- - 1 and 



2 Va b 

Aft''"'"" =2-fl-^-^)e^^?. (3.48) 



a b 
Since X:^Xt = 0, then : 

Mt'^"-''" =2-(l-^)(l-^)e^^?. (3.49) 
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In particular, 



2 - M^:^'^;^_^ = (l - ^) (l - ^y"' l{*<T„AT_a, (3.50) 



is a Po-niartingale. 

Integrating this identity with respect to some positive measure i^^da, db) we obtain the foUowing result. 

Proposition 3.16 Letv be a probability measure on R^xW^, whose support is included in [a, +oo[x[a, +oo[, 
for some a > 0, and (Mj^) be the process : 



(l - ^) (l - f ) -P + (3.51) 



Then, under Pq, [M^ ; i > 0) zs a positive martingale, Mq = 1, — E(J^)t with : 



Remark 3.17 1. Obviously if we take for v the Dirac measure at (a, 6), for some a > 0,b > 0, 
then we recover Hcl.dUp . 

2. We may write (M^) as follows : 

= F{St, IuL°) ~ X+F+{St, It,L°) - X-F-{St, It,L°), (3.53) 

with 

F+{s,i,l)^ I l{s<a,^<b}-exp^.l(- + l)l}i'{da,db), (3.54) 
jj^2 a z \ a / ) 

F~{s,i,l) ^ J ^ l{s<a,i<b}^ exp|i(^i + ij/|iy(da,rf6), (3.55) 

F{s,i,l)^ f l{s<aA<b}exp^^(^- + ^y^iy{da,db). (3.56) 

If u is assumed to have a continuous density function, then it follows that : 

= (3.57) 



dF+ dF dF^ dF 

s—^{s,i,l) = —{s,i,l) ; i—^{s,i,l) = —{s,i,l). (3.58) 

3. Suppose that v is a p.m. with support included in the diagonal, then (M^) coincides with M^' 
where 



Vl-^)e^?/V4da), (3.59) 
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i^H. being, in this case, a p.m. on [q;,+oo[, a > 0. Consequently, relations 1^3. 5S\) - 56|) become 



= F{X:, L?) - \Xt\F*{X:, L% (3.60) 

poo nOQ 1 

F{x,l)^ e^'^v^ida), F*{x,l)= -e'/"z^,(da). (3.61) 



Moreover Mf' =£{J''*)t with : 

ju. _ sgnjXt) f°°}_^L°/a, 

Mr- 



Jt' = -^^TJUT^ / ^ -e^'/V,(da). (3.62) 



4. Sometimes, we shall consider similar martingales involving only the one-sided maximum (St) 
and (ij); hence, we shall use, instead of fcl.5U\l : 

2 - M^^l = fl - ^^^.i?.T„/2a 



where h+{l) = ^e'/^". 

a 

Integrating over [a,oo[, with respect to a p.m. V-\- on [a,oo[, leads to 

x: 



/St ^ a 

As previously {M^*) is a P^)- marling ale, such that Mq^ = 1, and it may be written as 

M^^ ^F{St,L'})-X+F+{SuLf), 



poo pOO 1 

withF{s,l)^ e^''^°-u+{da) and F+{s,l) = I - e^''^''v+{da) 



We now deal with penalizations involving jointly the maximum, the minimum and the local time of 
X. Reeall (see Proposition 13 . 1 6jl that is a p.m. on [a, +cx)[x [a, +oo[ for some a > and {M^ ) is 
the positive martingale defined by (|3.51l) . 

Theorem 3.18 Let Ai, be the function : 

A,is,iJ)= [ e^(i+^)'l{,<,,,<b}z.((ia,(i&), s,j,;>0. (3.63) 



+ 

1. Let u > and € ^u- Then 



r Eo[^r^A^{St,It,L^)] 

lim T? [A tQ T rOM = -^o[lr„ A4 ■ (3-64) 



2. Let Qq be the p.m. on (ft^J^oo) which satisfies : 

Q^(r„) = £;o[lr„A/:], (3.65) 
for any u > and r„ £ J-u. 

The process (Xt~ — —ds;t > O) is a Q^-Brownian motion, where {Ji) is defined by HS.5<^} . 
^ Jo 
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The asymptotic result (I3.64() is based on the foUowing rather striking result. 

Lemma 3.19 Let a > 0, 6 > and c = (- + i) . Then 

a o' 

^lim i?o[e^^?l{t<T_.AT„}] = | (3-66) 

sup£;o[e=^'l{t<T_,AT„}] < +00. (3.67) 
t>o 

It would be possible to directly prove Lemma f3. 191 but the proof is technical ^ . Instead, we provide 
a short proof based on a disintegration of the p.m. (see Theorem 15. 31 for details). This is why we 
have postponed this proof to Section [S] (which is devoted to such disintegrations), just after Theorem 

Proof of Theorem Ism 

Let -u > and r„ e Tu be fixed, t> u and (5(r„, t) = Ea [lr„ A,, (5't, Jt, L")] . 
By H3.63|l . we have : 

Js.1 

Applying the Markov property at time w, we obtain : 

(5(r„,i)= / Eo[lr^l{T^AT_^>u}e''^°'"^i{a,b,Xu,t- u)]iy{da,db). 
Js.1 

where c = - f — ^ t\ ^^^^ 

7ri(a, 6,a;,r) = Ex[l{TaAT_t>r}<^''^°] -b < x < a, r >0. 



2\a b 



Let us start with x > 0. 

Since under P^, {Ta A T^b > r} = {Ta A To > r} U {To < T^, Ta A T_b > r} we have : 

Tri{a,b,x,r) = P^iTa ATq > r) + Tr2ia,b,x,r), 
Tr2{a,b,x,r) = £'^[l{To<T<.,T„AT_,>r}e''^'-]. 

Applying the strong Markov property at time Tq, we get : 

TT2{a, b, X, r) = E.:^ [1{To<t„, To<r}7r3(a, b,r - Tq)] 

with : 

7r3(a,5,r') = i;o[e'='^°' l{^/<T_,AT„}]• 
Lemma implies that 7r2 is bounded and Tr2(a,b, x,r) converges to — , as r — > +oo. 

2 a 

As for Px{Ta /\Tq > r),\i is clear that this probability goes to 0, as r ^ oo. 

A similar approach may be developed for a; < 0. Inequality (|3.67|l implies that tti is bounded 
consequently, for r„ S Tu ■ 

lim (5(r„,t) = ^i^o[lr„ / e'''^"'''^{T^AT^t>u}\- — — ^l{x„>o} + ^ ^{x,,<o}]^ida, db) 



The result follows because - — — l{x„>o} + ~~~^~~^{x^<o} is equal to ^1 — ^1 — and 

Eo[M^] = l. ° ■ 



^Wc thank F. Petit who helped us with such a proof 
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3.4 Case 4 : the down-crossings. 

Let a and b be two fixed numbers, a <b. To describe the down-crossings of {Xt), from level b to level 
a, it is convenient to introduce the sequence of stopping times defined inductively as follows : 

cri = ml{t >0, Xt>b}, (3.68) 

0-2 = inf{t >ai,Xt< a}, (3.69) 

and 

CT2n+i = inf{t > tT2„ ; Xt > b}, (3.70) 

Cr2n+2 = inf{t > (J2n+1 l Xt < tt} . (3.71) 

Let Dt be the number of down-crossings from level b to level a, up to time t : 

Dt = Yl k-2n<t} ■,t>0. (3.72) 

n>l 

We observe that : 

<y2D, = sup{n > 1 ; a2n < s}, (3.73) 
with the convention sup{0} = and (Jq = 0. 

The events {cr2D^ + lb o 6^20^ > s} and {(J2Ds + Tb o Oa^o, ^ s} will play a central role below. If 
{o'2n < s < C2n+2}, the first (resp. second) event reduces to {(J2n < s < (T2n+i} (resp. {a2n+i < s < 

0'2n+2})- 

Proposition 3.20 Let [G{n))^^^ be a sequence of real numbers, and {Mt''^) be the process : 
/Ifi.G- 1 (G{Dt) ( b-Xt^ GO±Dtl(Xt-jv.\ 

f G{l + Dt) ( b-X, ^ G{D,)f Xt-a ^\ 
1. Then {mI'^) is a continuous -local m,artingale, 

Mt^- i:{,„„.„„(<^^(:.^^).Sl±:^(^-^)) (3.., 

/ G(l+n) / b-Xt^ G{n) 



(3.76) 



anrf under Px • 

;^^(G'(0)(26-a-ar)+G(l)(a;-a)) i/ar<6, 
Mo^'^=<j A^-aj ^ (377) 



2(6 -a) 



(G(0)(x - a) + G(l)(26 - a - a;)) otherwise. 
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2. Suppose moreover that (G(n))^^^^ is a decreasing sequence of positive real numbers such that 
G(0) = 1 and lim„^ooG(n) = 0. Then M^'^ > and M^^ = M^^^£{J^'°)t with 

Jt"" = (G(1+A)-G(A)){ -X,-a) \ G(l + D,){X, - a) ^i^^o,+n°e.o,>t} (3-78) 

~G(1 + Dt){2b -Xt-a) + G[Dt){Xt - a) ^i'^^'^*+'^^°^^ot<i}\ 

Proof 1) A priori, (Af/'*^) is a right continuous process, and may only jump at times cr„. However, 
it is easy to check that A/j:'*^ — M^'^ , therefore {M^''^;t > 0) is continuous. (A posteriori, this is 

"automatic", as soon as we know that (m/'*^) is a focal martingale in the Brownian filtration.) 
We have : 

,,G G(A) + G(1 + A) , f b-Xt ^f G{Dt)-G{Dt + l) ^^. , , „ 

= +(- — -1( jsign(CT2Dt +T6o6l<,,„^ -t). (3.79) 



Since t Dt and t sgn(f72_Dt + Tb o Oc^ot ^ ^'^'^ piecewise constant processes, and {M^'^) is 
continuous, applying Ito's formula leads to (j3.76(l . Hence (m/'*^) is a continuous local martingale. 
Relation (|3.79|l implies that : 

|M/^«|<sup|G(n)|(l + M±^). 
Consequently, {M^'^ ; i > 0) is a martingale. 

2) Suppose that G{n) > 0, G(0) = 1, and n G(n) decreases to 0. If a2Dt + Tfc o ^^^20^ > t, then 
6 - > and formula (^7^ gives : 



_G ^ G(A) + G(1 + A) 



M/'^ > ^ ' ^ — ■ ^ > 0. 



2 

If cr2Dt + cTi o 9a2nt — ^' '^^^^ modify H3.74|l as follows 



6 — a 

But > a, consequently Af/'*^ > G(l + Dt) > 0. 
Finally A^/''^ > 0. 

To end the proof of ProDOsition l3.2()l we observe that (|3.78|1 is a direct consequence of H3.76|l and H3.74|l . 



We state below our last theorem concerning penalization results. Here the underlying process is 
the number Dt of down-crossings from b to a. Recall that the sequence of stopping times ((J„)„>i 
associated with (Dt) is defined through ()3.68|l - ()3.71|l . Let G : N ^ M+, be a decreasing function, 
such that : 

G(0) = 1, G(oo) := lim G{n) = 0. (3.80) 

Let (AG(n))^^g be the sequence of positive numbers : 

AG(n) = G(n) - G(n+ 1), n > 0. (3.81) 
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Theorem 3.21 LetG:'N^R+ as above. 

1. Let s > 0, G Ts, then : 

lim AG(A)] ^ 1 

i?o[AG(A)] A/o^-'^ 01 1. . J, y ) 

where {M^'^) is the positive martingale defined in Provosition \3. 21% 

2. Let Qi'^ be the p.m. defined on (j},J^oo) ■ 

Qi'^(r,) = E^[\rMi'% (3.83) 

for any s > and T a £ J-g. 
Then the process : 



1 



G{Ds)i2b - X, - a) + G(l + D,){X, - a) 



(3.84) 



1 



X 1(^21,, +r,oe.o,>a} ^ Da)i2b~Xs - a) + G(i5,,)(X, - a) /^^ 

is a Qq Brownian motion. 
The proof of Theorem 13. 2 II is based on the foUowing asymptotic estimate. 

Lemma 3.22 Letx G M. and (^H (n)^ ^^^^ be a sequence of positive real numbers satisfying : H{n) < 

^ n>0 

oo. Then : 



lim V-t E.. [HiD,)] = 2(6 - a) { 5: i/(n) + i/(0) (1 + ^) } 



(3.85) 



Proof. On the one hand we observe that the definition (|3.72|l of Dt imphes {Dt > n} — {cr2„ < t}. 
On the other hand, under P^, cti, (T2 — ci, • ' ■ i <^2n ~ cr2n-i are independent, cti (resp. fii+i — di) is 
distributed as T^i,_j.^ (resp. Tb-a) under Pq. Consequently : 

PxiDt > n) = PoiT\b^x\+(2n-l){b-a} < t) . 

Since the probability on the right hand-side equals Po{St > \b — x\ + {2n — l){b — a)), the scaling 
property (|3.26(l implies : 



/ \/i\Xi\ + b - a - \b - x\ 



2{b~a) 

Dt being a N- valued r.v., we have : 

[H{Dt)\ = H{Q) + {H{n) - H{n - 1))P,(A > n) 

n>l 

Let ■= ^^'^^^ — ^- — ^— — Using Fubini's theorem and (13.8611 we get 

2(o — a) 

[€t] 

Ex{H[Dt)\ = i/(0)-i?o[l{5,>i}5](i/(n)-i/(n-l) 

n=l 

= i/(0)Po(6<l)+i^o[ff([6])l{«.>i} 



n>l. (3.86) 
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where [a] denotes the integer part of a. 
It is easy to compute the last expectation : 



z\Jt + 6 — a — |6 — x] 



2(5- a) 



z \/i + 6 — a — 6 — a; 

Setting ij = — , we have 

2(0 — a) 



r ,N 1 , ^ Z""" ,N r (2 (6 - o) ^ - 6 + + 1 6 - X I ) ^ 

^^o[i?([6])l{?.>i}] =2(&-a)^- ff([y])exp{-^i ^ ^jdy. 

Since ^ < 00, 

n>l 

^hm (yiE^ [^([6])l{6>i}]) = 2(6 - a)7| i/(. 
It remains to study Po(Ct < !)• We have successively : 

Po(6<l) = Pof|X,|<^-^+"'-^" 



hence : 



lim VtP(6 < 1) = (5 - a + |5 - W -. 

t— >oo ^ V TT 

This ends the proof of jnSHl. ■ 
Proof of Theorem I3T2TI 

Let s > 0, e be fixed, t > s and consider the quantity Pq [ir^ AG(Z3t)] . 
Let us introduce the events : 

Si = {o2D, + Tf, O 6'cr2D^ > s}, 112 = = {o-2D, + Tfc o < s}, 

and decompose the above expectation accordingly. 
1) On El : 

Dt^Dt-soOs + Ds. (3.87) 
Applying Lemma l3 . 221 with x = Xs, H{n) AG(n + Dg), after conditioning by J-g, we obtain : 



i;o[lr.nSiAG(A)], ~ 2(6 - a)J-So[lr,nSi Ji]^=^, 
Where J, = AG(i?.) (1 + ^3^) + E ^^(^'^ + 

^ '^'^ n>l 

Since on Ei, < 6, it is easy to check that : 

■^^ = ^~l^ + "6^J+ 2 IT^J- 

As a result : 

^0 [ir.nEi AG( A)] { 2(6 - a) ^l^o [Ir.nSi Afi'^] } ^ 



(3.88) 
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2) We decompose S2 in two disjoint events : S2 — S'2 U S3 where S2 = ^2 H {Xg > b} and S3 = 
S2 n {a < < b}. 

On S2 n {Xs > b}, H3.87|l holds and as previously : 

Ex['^r,nT,2n{x,>b}^G{Dt)]^^^(2{b - a)^J^Ex[lY^nJ:2n{Xs>b}Jl]^ — 1= 



£^o[lr.nE.n{x.>fc}AG(A)]^_-^{2(fe-a)y|£;o[lr.ns.n{x.>6}Mi^G]}i=. 

3) We split S3 in three disjoint subsets : S3 = S4 U S5 U Sg, with 

54 = J:3r){s + Tao0, < s + noOs <t}, 

55 = S3 n {s + Tfc o 0, <s + T,o0, <t}, 
Sg - S4n{(s + TbO0,)A(s + T,o0,)>t}. 

We set Ua = s + TaO Os and [/& = s + Tb o 6*5. 

a) On S4, we have : 

Applying the strong Markov property at time Ua, together with Lemma 13.221 we obtain on S4 : 

\\mViEo[AGiDt)\J^u^] - 2ib - a)^G{DuJ. 
But Dij^ = 1 + Dg] hence, taking the conditional expectation with respect to J^s, we get : 

lim VtEo[lr,ni:AG{Dt)] ^ 2{b - a)J -Eo[lr^n^,^r-^G{l + D,)] . 

b) On S5, Dt = Duf, + Dt-Ub ° ^Ut = Dg + Dt-Ut, ° We proceed as previously; we obtain 
successively : 



hm V-tEo[l..AGiD,m.] = 2(5 - a)^^ ^^^^-) + f + 



hm Vt Eo\lr^n^r, AG(Dt)\ ^ 2[b - a)\ -Eq Ir.nSa^^ 

t^ca V TT L — a 2 

c) We claim that Sg does not contribute to the limit since 

Poi^elJ's) = IssPx^ {TahTb>t~s)< l^.Pa^ {TaATb>t- s) 



for some A > 0. 
Finally : 



i^o[lr.ns.n{x.<6}AG(A)]^^^{2(6-a)y|i?o[lr.ns.n{x.<6}Mi^G]|_L 
4) Consequently, thanks to the previous steps we have : 

Eo[lrAGiDt)]^^^[2ib-a)^Eo[lrM-'']}^^. 

This imphes (|^^ . 

Point 2. of Theorem 13. 2 II is a direct consequence of Proposition 13. 201 
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4 Study of the Q-processes. An approach via enlargements of 
filtrations 

In sections 13 . 113 . 41 we have obtained penalization principles involving unilateral maximum, unilateral 
maximum and time, local time at 0, maximum + minimum + local time at and finally down-crossings. 
In each case, a positive and continuous martingale (Mt t > 0) appears naturally. This allows to 
define on {fl.J'oo) via : Q^iTt) = E4lr,Mti for any Tt &Tut> 0. 
As said in the Introduction, Qx is a well-defined p.m. on (Jl^Too)- 
This leads us to describe the law of {Xt)t>Q under Qx, a; G R. 

We are able to handle the two first cases recalled previously via a general approach, which is developed 
in subsection 14.11 Unfortunately the other cases cannot be handled in this way, and we have to study 
them one by one. Our approach then is based on enlargements of filtrations. However the schemes 
of proof are similar in all cases, consequently we only discuss Case 1 in details . Concerning the 
other cases, we only state the results and sketch their proofs giving the key points without detailed 
arguments. 

4.1 Some general results and their applications 

We consider here a general setting, where we are given a filtered probability space (il, (J-()t>o, F), a 
strictly positive continuous martingale {Mt;t > 0), with respect to {{^t)t>o,P) , starting at 1 at i = 0, 
and a second probability Q on {^l,!Foo) such that : 

QiVt) = E[lr,Aft], r* eTt,t> 0. (4.1) 
We define : 

inf M,. (4.2) 

0<s<t 

The following discussion is inspired from 

Mt 

Proposition 4.1 1. The process {Yt — 1, t > 0) is a non-negative, continuous, local P- 



submartingale and P(yo = 0) = 1. 



2. Let (It ] t > 0) be the non- decreasing, continuous process, such that Iq ~ and [Yt — lt)t>o is a 
continuous local martingale. Then the support of dlt is included m {t > ; Yt = 0} and 

Mt = e"'* ; t > 0. (4.3) 
Proof. Using Ito's formula we have : 

dYt = —r- \dMt. 

Kt M? ~ 

Consequently (Yt) is a local submartingalc and : 
Af 1 

dlt = '^dM. = dM.. (4.4) 

This implies that supp{dlt) — supp{dMt) . 

Integrating (|4.4|l over [0,t] leads to (|4.3|l . ■ 

To go further, we need an additional assumption; i.e., we assume : 

Moo = P a.s. (4.5) 
It is clear that A/qo = iff Moo = 0- From (|4.3|l this condition is equivalent to loo = +oo. 
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Theorem 4.2 Let Q be the p.m. defined by j^. 

1- ALoo Q-finite r.v. with uniform distribution on [0, 1]. 

2. Let g := sup{t > 0, Mt = M^oo\ (with the convention sup0 = Q). Then Q(0 < g < oo) = 1. Let 
Zt = Qig > t\Tt) ; t > 0. (4.6) 

Then 

(a) Zt = MJMt , 

(b) {Zt) is a positive, Q-.supermartingale with additive decomposition : 

Zt^l- J^^dM^ + HMt), (4.7) 

where Mt — Mt — [ — is the martingale part of (Mt) under Q. 

Jo Mu 

Proof of Theorem 14.21 i) Let us determine the distribution function of M ^ under Q. Let t > Q 
and < c < 1. Wc have : 

Q(Mt < c) = Q(a(c) <t)= E,[l{,(,)<t}Mt], 



where a{c) = mi{u > 0, AIu < c}. 

Applying Doob's optional stopping theorem we obtain : 



u<c)= E[l{,(,)<t}M,(,)] = cF{a{c) < t). 
Taking t — > oo, we obtain : 0(M ^ < c) = c. 

ii) Let us compute Eqlg > t\!Ft], where t > is fixed. Let Ft be in Tf We have : 

Q{Ttn{g>t}) ^Q{Ttn{a[<(x,}), 

where a't = inf{s > t ; M,, < Mt}- 
Consequently : 

Q{rt n{g> t}) = lim S„, 

n — >-oo 

with Sn ^Q{Ttn{a'f <t + n}) . 

Using the same technique as in step i), we have successively : 

Sn = E[lrjn{(Tj<t+ri}^ft+n] = IE[lrjn{(Tj<t+n}^(Tj] 
= E[lrjn{(Tj<t+n}Mt]- 

Letting n — s- oo, we get : 

Q(rt n{g> t}) = E[lr, M,] = Eq [irMt/Mt] ■ (4.8) 

This proves that Zt = Mt/Mt (under Q). 
Equivalently to H4.8(l . we have : 

Q{Tt n {0 < 5 < <}) = QiTt) - E[lr, M,], 

from which it follows that Q(0<(7<oo) = l. 

iii) Since t ^{g>t} is non-increasing, then (Zt) is a Q-supermartingale. Applying Ito's formula we 
get : 



dM, M, M 



dZt = - ^ dMt + =|d < M > 
Mt Ml Mf 



The decomposition H4.7|l is a direct consequence of Girsanov's theorem. 
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Remark 4.3 We write : P > Q in case the pair (P, Q) satisfies the absolute continuity relationship 

i4.1)) , as well as i4.5}^ . We claim that this relation is symmetric, i.e. if¥ > Q, then Q — > P. 

Indeed, let Nt — ^/Mt, t > 0. It is clear that (Nt) is a positive and continuous Q martingale, starting 
at 1. To prove the claim, we have to check that lim Nt = 0, Q a.s. 

t — >oo 

Let A > 1 be a real number and (ja = inf{i > 0; Aft > A}. Recall fTWIj. Ex 3.12, Chap. II) that 

sup A/j is distributed as 1/U where U is uniformly distributed on [0, 1]. 
t>0 

Let t be a fixed real number. We have : 

QiaA <t)= E[l{,^<t}Aft] = E[l{,^<t}A//,^] = AFiaA < t). 
Taking i — > oo, we get : 

Q{aA < oo) = Af{aA < oo) = AP(sup A/t > A) = a\ = \. 

t>o A 

Since A is arbitrary, this implies that sup Aft = +oo, Q a.s. Consequently, under Q, lim Nt — 0. 

t>o 

Applying Remark 14.31 with Theorem 14. 21 we obtain the following. 

Theorem 4.4 Let (Nt] t > 0) be a positive and continuous Q martingale such that under Q ; Nq ~ 1 
and lim Nt — 0. 

t — *oo 

1. sup A'^t — ^ where U is uniformly distributed on [0, 1]. 
t>o 

2. Ifg = sup{t >0;Nt = supiV„}, then : Q(0 < .g < oo) = 1. Let Zt = Q{g > t\Tt),t> 0. Then 

u>0 

Nt — 

(a) Zt = =^ , where Nt '.— sup N^. 

Nt o<u<t 

(b) {Zt) is a positive, Q-supermartingale, with Doob-Meyer decomposition : Zt = AIt~-\'a{Nt), 
where (Af^ ) denotes a Q martingale. 

We now make the further assumption that P = is the Wiener measure on the canonical space 
C(M+,M), and Px{Xq = x) = 1. We shall also write for Q, in this particular case. We now gather 
a number of complements to our previous general results in this particular instance : 

1. Since (Aft)t>o is a P^^-martingale and Afp = 1, then the representation theorem of Brownian 
martingales (JOI, section V.3, p. 192) implies that (Aft) may be written as : 

Aft = 1+ / msdX,, (4.9) 
Jo 

where (m^) is a predictable process, such that for any t > 0, ni^ds < +oo a.s. 

Jo 

2. The process (/3t = Xt — -—du;t > 1 is a Qaj-Brownian motion started 

Jo ^ 



at X. 



Remark 4.5 For the sake of efficiency, we now use the technique of progressive enlargement of fil- 
trations (see for instance ^ or ]1<^). Let {Gt) be the smallest filtration containing {Tt) and such that 
g is a (Gt)- stopping time. Then : 

~ /•*^» d<z,p>u /•* d<z,p>^ 
Pt - Pt+ / ^ / — z — - — ; t > u, 

Jo JtAg ^ ^" 
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where {(3t ; t > 0) is a {{Gt), Qx) -Brownian motion started at x. 
Since Zt — Mf /Mf, applying directly j^.Tj ) leads to : 

Pt = (it - / irrdu + / , , , , " T-r^du. 



Mu JtAgMuiMu-Mj 

/■* 

Recall that Xt = Pt + / -rrdu, consequently : 
Jo 

In particular Xt — (3t for any t < g. Let (j{y) = inf{t > 0, Mt < y}, for any < y < I. Then 
conditionally on M ^ = y, the process {Xt;0 < t < g) is distributed as a Brownian motion started at 
X and considered up to its first hitting time of level y. 
Going hack to \4-.10^ , we note that, for u > g, the drift term equals 

and, in general, (Xt) is not a diffusion, except in particular cases, see below Theorems \4-()] and \4-(^ 
Our first application of Theorem 14 . 21 concerns Q'^. Recall that 

for any t > and Tt G J^t, where = {St — Xt) ^fiiSt) + 1 — ^{St), and (p satisfies the conditions 
given in Proposition 13 . II and H3.3|l . 

(f(y) 

Theorem 4.6 1. Under Q'^, the r.v. Soc is positive, finite and admits s ^{y>x} o-s a density 

1 — 9(x) 

function. 

2. Let g = sup{M > ; Xu — Soc}- Then (5^(0 < g < oo) = 1, and under ; 

(a) the processes {X^', u < g) and {Xg — Xu+g', u > 0) are independent, 

(b) {Xg — Xu+g]u > 0) is distributed as a three dimensional Bessel process started at 0, 

(c) conditionally on Sao ^ z > x, (X„;u < g) is distributed as a Brownian motion started at 
X and stopped at its first hitting time of z. 

Proof, a) Let (a, b) be a maximal interval of excursion of {Xt) below its unilateral supremum {St). 
Since for any u e]a, 6[, Su - Xu > and Su ^ Sa = Sb , then inf = 1 - $(S't). Let Mt = 

0<u<t 

^ -Mf. Then Q%{Mo = 1) = 1 and M^o = inf„>o A4 = ^ ~ 



1 - <i>(x) t / _ 1 - $(a;) 

From Proposition l3.ll decomposition H4.9|l holds with mt ~ ^^^^ assumption 1)3. 3|1 implies 

that P(Moo 0) = 1. 

Consequently 1) and 2) c) are direct consequences of Theorem 14.21 

{ Q \ ^ 

b) For any u > g, we have : m„ = ~ JZ"^^' ^"^^ i _ <^{x) ~ fi^oo) + 1 - $(5'oo)] , 

l-^(^oo ) 

1 - $(a;) 

that : 



M.U = Moo = "i ^'^'^ Xg = Soo- Setting i?,, ^ Xg - Xg+u, then the identity l|4.1()(l implies 



Rt=f3g- (3t+g + ^ ; i > 0. (4.11) 
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Recall that g is a (Gt) stopping time; hence, {(3g — Pt+g t > 0) is a Brownian motion, independent from 
Qg. Points a) and b) are due to the fact that (|4.11(l has a unique strong solution whose distribution is 
the law of a three dimensional Bessel process started at 0. 

■ 

We now describe the law of (Xt) under Qq"^ (we take the starting point to be 0, for simplicity). 

Theorem 4.7 Let ip, $ be the functions defined by I3.11\l . resp. \S.1(]\) . and parameterized by the 
function ijj satisfying 

1. Under Qq'"^ , the r.v. Soc is finite with density function e^'^'" {(p{x) + A(l — $(a;)) = e^^^ip{x). 

2. Let g — sup{t > 0, Xt = Soc}- Then Qq'^{0 < g < oo) = 1 and under Qq'"^ ■' 

(a) {Soo — Xt+g'jt > 0) is independent of {Xt;0 < t < g) and is distributed as (Zt^^^^t > 0), 
under Pq, where 

Z^t^^=Xt + X coth{X Zi^^)du. (4.12) 

^0 

(b) Conditionally on Soo — {Xt;t < g) is distributed as a Brownian motion with drift A 
started at 0, and stopped when it reaches x. 

One proof of Theorem 14.71 may be based on the theory of enlargements of filtration. This proof is 
similar to the proof of Theorem 14. 21 Therefore we do not give it. However we will prove Theorem 14. 71 
using a direct approach; see Proposition 15 . 21 in Sectional 

We are now able to deal with Qq , where Qg (Ft) — i?o[lrt ''^ ] ; Tt E !Ft and Alj^ = 
X^ h'^{Lt) + Xt h~{Lt) + 1 — H{Lt) ; t>0. We suppose that h'^,h~' satisfy the conditions given in 
Proposition 13. Ill and (|3.39(l . Recall that the function H is given by H3.36|l . 



Theorem 4.8 1. Under Qg ' , L%^ is a positive, finite r.v. with density function : 2 ^ ) 



2. Let g = supjit > ; Xu = 0}. Then Qg (0 < 17 < 00) = 1 and under Qg 

(a) the processes [X^ u < g) and [X^+g ; u > 0) are independent, 

1 f°° 1 f°° _ 

(b) with probability — / h^{u)du (resp. — h {u)du), the process {Xu+g',u > 0) (resp. 



2 Jo 2 Jg 

{—Xu+g',u >0)) is distributed as a three dimensional Bessel process, started at 0. 

(c) conditionally on = I, {Xu ; u < g) is distributed as a Brownian motion started at 
and .stopped when its local time at equals I. 

Proof. The proofs of 1), 2) a) and c) are similar to the proof of Theorem 14.61 being based on the 
technique of enlargements of filtrations. They are left to the reader. 

+ - 1 f°° 

However one new point has to be checked : Qg ' (r+) — 2 / h^{u)du, where r+ is the set : 
r+ = {X„>0;VM>5}. 

Since either X.^ > 0,Vu > g or X„ < 0,Vw > g, then Qg^^'' (r+) = lim Qg^''' {Xt > 0). 
It is easy to compute Qq {Xt > 0) : 

Qf'""(Xt>0) = ii;g[l{x.>o}Mf 

= Eo[X+h+{L^,)]+Eo[l{x.yo}{l-H{L'l))]. 
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The dominated convergence theorem impUes that hm Eo[l{Xt>o}{^ - H{L^t))] = 0. 
Applying Proposition 13 . 1 ll with /i^ = 0, we get : 

+ - 1 

Therefore : Qo (r+) ^7: h+{u)du. ■ 

2 Jo 

4.2 The Q-process associated with the bilateral supremum and local time 

In this sub-section we study the law of {Xt) under Qq* , where i^* is a p.m. on [a, oo[, for some a > 0. 
Recall that Q^' is the p.m. on {Vl,Too) ■ Ql'{^t) = £^o[lrt M^"*], Tt e Tt, t > 0, and {M^') is the 
Pg-martingale defined by (|3.59|) . 

Theorem 4.9 1. Under Qq', L'^ is infinite, X^ is a finite r.v., and the distribution of X^ is 

2. For any t>0, under Q^', \Xt\ < X^. 

3. Let [Qt) he the smallest filtration satisfying the usual conditions such that for any t > 0, Qt 
contains Tt V a{X*^). Then there exists {Bt)t>Q a (^Qq* ,{Qt))-Brownian motion started at 0, 
such that : 

X, = Bt~ f J^^^ds. (4.13) 
reover : 



Mo 



- r ds 

X*^ - \Xt\ ^X*^^ + Bt + J^ _ i^^i - L't, (4.14) 

where {Bt)t>o is the (Qq" , {Qt))-Brownian motion : Bt = — I sgn{Xs)dBs. 

Jo 

Theorem l5.3l in section El will generahze Theorem 14 . 91 replacing {X^,Ll^) by {Soo, loo, L^^). 
The proof of Theorem 14. 91 is divided in two parts, which are separated by Lemma I4.1UI 

First part of the proof of Theorem 14.91 

For simplicity M stands for * , and Qq for Qq* . Recall : 

M, ^) e^°/V,(da) = (1 - e'^^^n/^^ida), t > 0. (4.15) 

Let us start with the proofs of 1) and 2). 

a) Let t and c be two positive real numbers. We have : 

Qo{x: > c) = Qo(t; <t)= Eo[l{T^<t}Mt] = £;o[l{T-<t}MT.]. 

By (|4.15ll we have : 

(l-^y''h^%,{da). (4.16) 
Qo{X*^ > c) = (1 - ^) i?o[e^^=*/"] ly^ida). 



Then, 
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The r.v. L^,, is exponentially distributed : 

Po(iT* > A) =e-^/^ (4.17) 

Consequently if a > c, then £'o[e^^*^'^] = and Qo{X^ > c) — i^* (]c, +oo[). This proves that the 

law of under Qq is . 

b) By a similar method we get : 

/"OO 

Qo{Ll^ > = Eo[Mr,] = / e'/" Po(^; < a)i/*(da). 



Since Po{X*^ < a) ^ Po{T* > n) = Po{L"^, > I) ^ e-'/°, then Qq{L°^ > = / '^*('^a) = 1, for any 

JQ 

I > 0. This implies that Qa{Ll^ = oo) = 1. 

c) Let g = sup{i > 0, \Xt\ — X^^}. Let t > be fixed and a be the stopping time : a = inf{s > 
t; \Xs\ > Xf}. We claim that Qo{cr < oo) = 1, this will imply that g = oo, Qo a.s. 
Let n>l. Then : 

Qo{a <t + n) = £;o[l{,<t+„}Mt+„] = Eo[l[,<t+n}M,]. (4.18) 
Observing that X* = \Xcr \ = X'l and Po{a < +oo) = 1 and taking n ^ oo, in (|4.18(l . we obtain : 

Qo{<J < (x.) = Eo[Ma] = ^ £;o[l{a>x*}(l - ^) e^"/"]'/^^")- 
On {cr < To o Ot}, Ll = L?, hence : 



Eo[e l{^<Tooet}KtJ =e — • 
On {(7 > To o 6't}, we have L° = Lj + L^^. o ^Toofft with z — X'l, consequently : 



Finally 



Qo(ct < oo) = Eo[J°^ (l- ^) e^?/V* (da) 
= Eo[Mt] = l. 



Point 3) of Theorem 14.91 will be proved via the initial enlargement of the original filtration with the 
r.v. X^. To apply Theorem 1 of |THj we need to compute Qq(X';^ > c\J^t), c > 0,t > 0. 

Lemma 4.10 Let c > 0, and t >0, then : 

Q,{X*^>c\T,) = re^?-c*/Vl_^^)^.,(da) (4.19) 
= iy,{[c,+(x[) + f XsdBs, (4.20) 
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with 

A. . ^^^lix;<., [ e^"^"'[\ £ e^'/^Mdb) - £ ^..(d6)}..(da), (4.21) 



Js'ds, 



(4.22) 



( J^* ) being defined by 

Proof of Lemma 14.11)1 1) Let Ft E Tt and u > t. We decompose Qo(Tt H {X* > c}) as follows : 

Qo{Tt n {x: > c}) = Qo(rt n {r; < t}) + Qo{Tt n {r; >t,x:> c}). 

Obviously : Ft n {T^ > t, X* > c} = n {T* < u} where = Ft n {T* > t} e Tt^-m- Consequently 

Qo(r; n {T; < ^/}) = £;o[lrin{T*<«}AfJ = So[lr;n{T.<u}MT;]- 
Using H4.15|l to determine Mt* and taking u ^ oo, we get : 

Qo(rtn{x4,>c}) = Qo(rin{r; <t}) + ^ {i-'-^Eo[iv'^e''h/'']u,[da). 

To compute i?o[lr' e ] we proceed as in part c) of the proof of the first part of Theorem 14.91 
On {To °Qt> T* oet}r\T' we have L%, = L° and : 

c 

On {To o6t< T* o 6t} n TJ, we have L^. = + L^^. o ^Tooet- 
Using moreover (|4.17(l we deduce that on Fj, 



Eo[e^'^''''ls^Tooet<T^oet}\^t] =e 



Then 



/an 



1 - c/a 



Eo 



1 — c/a 



Qo {Tt n {x^ > c}) = Qo (r* n {r; < o) + £ Eo [i^ e"^"/- (i _ ^) ] (da) 
- Qo(rtn{r;<t})+i?Q„ 

The previous expression may be simplified, using H4.16|l 



Qo{rtn{x:,>c})=EQ, 



/a/^ _ \XtAT* I \ 1 



a I Mi 



Hat; 



-j^* (da) 



This leads to ^J^. 

2) Let and Z"^ be two (Qo, (-^^t)) continuous semimartingales. We write : 



1 o 
EE Z^ 



(4.23) 



if — is a continuous process with finite variation and Zq ~ Zq. 
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It will be convenient to use this notion of congruence, which we shall apply as follows : if (Mt) is a 

fv 

continuous local martingale, with A/o = 0, and M = 0, then (Mt) is identically 0. 

Due to Theorem 13. 181 the process (Bt) defined by H4.22|l is a (^Qo, {^t))- Brownian motion started at 

0. In particular : 



Xt k Bt. 



We have successively : 

y a / a Jq 



(4.24) 



(4.25) 



{l-- l{;f.<a}Sgn(X,)e^>di3,|^.,(da) 



t , i-oo pL°/a 



= 1-1 sgn(X,) 

^ JX' 



(4.26) 



Let and be two {Qo, i^t)) semimartingales, the classical rule of stochastic calculus gives : 

Z} fv 1 1 Z} n 

= —dZl - T^dZ?. 



'Z? - Zr^' {Zf^^ * 



Choosing Z} = {\ - -i^) e^"/'' and = Mt, we obtain 



M| J^, b 



Since [Qo{X'^ > c\J^t))^yQ is a (Qo, (^£))-martingale, the identity H4.19|l implies : 

/OO nt 
1- sgn{X,)e^°/n{x;<c} 



.idb)^dB,. (4.27) 







a 








oo[) - 


Jo 



v^,{da). 



K = 



Formula l|4.20|l is a direct consequence of H4.15|l . 



Second part of the proof of Theorem 14.91 (i.e. point 3) 

Obviously Lemma l4. 101 mav be written as follows : 

with the kernel At satisfying : 

At ([c, c»[) =1., ([€,(»[)+ / A°([c,oo[)dB„ (4.28) 
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where : 



A°(d«) 



sgn(X 



o/„rl 



1 ^^11'^ 



The relation (|4.19(l directly implies that 



v^[da). 



Consequently : 

A°(da) = e(a,t)At(da) 

with : 



e(a,t) 



Mt{a-\Xt\) 



(4.29) 



(4.30) 



The relations (|4.28(l - (|4.3Q(I allow to apply Theorem 1 of ^H] (see also 0) : there exists {Bt)t>o a 
(Qo, (t/f ))-Brownian motion started at such that : 



Bt = Bt+ / e(X^,s)ds, 
Jo 

where (C/t) denotes the smallest filtration satisfying the usual conditions such that for any t > 0, the 
CT-field Tt V cr(X^) is included in Gt. 

Using moreover (I4.22|l . (Xt) is seen to admit the decomposition : Xt — Bt + (,s ds, with : 

^s^e{x*^,s) + j:-'. 

Using successively (|4.30|l . (|3.62(l and (|4.15|l . we get : 



6 



-sgn(Xs) 



M.,{X^-\Xs\) 
M,{X^-\X,\) Jx 



-sgn(X.) 



This proves H4.13|l . 

Applying the Tanaka formula : l-'^^tl = /q sgn(Xs)(iXs + and the relation H4.13|l lead to H4.14(l . 



4.3 The Q-process associated with the down-crossings 

In this last section we are interested in the law of (Xt) under Qq''~^ ■ We have already introduced some 
notation concerning down-crossings in section [3.41 Let us briefly recall the main objects involved in 
this study. Dt is the number of down-crossings from 6 to a (6 > a), up to time t, and (^G{n)^ is a 

decreasing sequence of positive real numbers, satisfying G{0) = 1 and lim G{n) = 0. Let (m/'*^) 

be the positive Po-martingale associated with {G{n))^^^ as defined in Proposition 13.201 Qg'*^ will 

denote the p.m. on the canonical space (ri,JFoo): '9o''^(rt) = -E'o[lrt T* € ^t- 



I G 

Theorem 4.11 1. Under Qq , the r.v. Doc is finite and 
Qo^{Doo =n) = G{n) - Gin + 1) ; ?i > 0. 



(4.31) 
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2. Let g and g be the two random times : 

g = mi{t > 0; A = ^00} ; 5 = inf{t > g; = b}. 

Then : Oi''^(0 < g < 00) ^ 1 and Q^„'^ {g < 00) ^ 1/2. 

3. Under Qq'*^ and conditionally on {g < 00} : 

(a) {Xu] < u < g), < u <g — g) and u > 0) are independent, 

(b) {2b — a — Xgj^u]Q <u<g — g) is distributed as a three dimensional Bessel process, started 
at 2(6 — a) and stopped at its first hitting time of level b — a, 

(c) {Xu+g — a; M > 0) is distributed as a three dimensional Bessel process started at b — a. 
4- Under Qq'^ and conditionally on {5 — 00} ; 

(a) {Xu]0 l£u < g), and {Xg^u]u > 0) are independent, 

(b) (26 — a — Xg+u]u > 0) is distributed as a three dimensional Bessel process, started at 
2(6 — a) and conditioned to be greater than b — a. 

5. Under Qq'^ and conditionally to {Dao = n}, (X„;0 < u < g) is distributed as a Brownian 
motion started at 0, and stopped at the first time (a2n) when the number of down-crossings 
equals n. 

Proof, a) Recall that {(Jn)n>o is the sequence of stopping times defined by H3.68|l - H3.71|l . Using the 
definition of Qq and the optional stopping theorem, we obtain : 

Qi'''{Dt>n) = Qi'''{cT2n<t)^Eo[l{.,„<t}A4'''] 

But relation H3.75|l implies that Mj:^^ — G{n). Consequently, taking i ^ 00, in the previous identity 
leads to : Qk'^iD^ > n) = G{n). Hence Qi''^{D^ = n) = G(n) - G{n + 1). Since lim G(n) = 0, 

n — >oo 

then Q^q'^{Doo < 00) = 1. 

b) The proof of 2-5 of Theorem 14. Ill makes use of the progressive enlargement of filtrations technique. 
Since we have already developed this approach in the setting of Theorems l4.2l and l4.8l we limit ourselves 
to state the main steps without giving details. 
We have : 

Zt := Qi''^(5 > t\Tt) = ; Vt > 0. 

Theorem l3.21l savs that the process (i?t) defined by relation H3.84|l is a Qg'*^- Brownian motion, started 
at 0. 

It is convenient for the sequel to introduce : 

_ G{l + D,)-G{D,) , . 
2(6^^a) V{'y2D,+noe^^^^>s} - ^{a2D,+noe^^^^<s})- 

Consequently : 

rus 

Xt = Bt+ / — Ar^ds, 
Jo M^'^ 

t 
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Applying Ito's formula, we obtain 

f G{l + Ds) ,„ , f dsG^ + Ds) 



= 1 



/ rr^ nisdBs — / —p, (ms) dBs + / rr^ • 



Let {Gt)t>Q be the smallest filtration, containing {J-t)t>Q, satisfying the usual conditions and such that 
g is a (t/()t>o-stopping time. Then there exists a {Qq^ , (5t)t>o)-Brownian motion {Bt) started at 0, 
such that : 

^ ^ , ."''d<Z,X>, /•* d<Z,X>s 
Bt — Bt + 

Since : 



'^s Jt/\g 1 Zs 



d < Z, X >s— ^ — ^„ '''^ rris ds, 

(Mi'^)2 



we have : 



= St + / -ds. 



It is easy to compute the drift term, via H3.74|l : 

1 



Mi'^ - G(l + Z?,) 1 otherwise. 



Xs + a -2b 
X. - a 



on {a2D, +TbO e„^^^ > s}, 



In particular : 

Xt^Bt+ / — + / ; t>0. 



JtAg Xs+a-2h Jt^gXs-a 

Having obtained these results, points 2-5 of Theorem 14. 1 II can now be proved. The details are left to 
the reader. 



5 A direct approach to study the canonical process under Q 

To explain the goal of this section let us start with Case 1. For simplicity we restrict ourselves to 
a; = 0. Theorem 14.61 leads us to consider Q^q \ the law of {Xt)t>o conditionally on 5oo = y- Recall 
that under Q'}^\ 

• [Xt] t <Ty) is a Brownian motion started at 0, and considered up to its first hitting time of y, 

• [y — Xt+Ty ; i > 0) is a three dimensional Bessel process started at 0. 
Therefore, Theorem 14 . 61 may be summarized as follows : 



oo 



Qo^(-)= / Qi'\-)v{y)dy. (5.1) 
Jo 

This motivated us to prove (|5.1|l directly without any enlargement of filtration. 

Proposition 5.1 Let ip : [0,+oo[ — > M+ as in Provosition \S.l[ satisfying Then 1^5. 1]) holds. 
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Proof. 1) Let < a < 6 and ip{x) = — ^[a.b]{x)- Then : 



Consequently 



, , , , , , X Ab — a 

<^>{x) = / ip{t)dt = l{x>a}- 



Then using Girsanov's theorem and Proposition 13. II it is easy to check that {Xt)t>o solves 



/•* 1 

Jq — A„ 



where {f3t;t> 0) is a Qo~Brownian motion started at 0. 
Consequently, under Qq : 

• {Xt ; < t < Ta) is distributed as a Brownian motion started at 0, and stopped at its first 
hitting of a, 

• (6 — Xt+Ta ; i > 0) is distributed as a three dimensional Bessel process started at 6 — a. 

/"OO 

2) To prove (|5.1(l. it is convenient to give an adequate description of the p.m. / Q[,^'(-)^(y)d2/. Let 

Jo 

/•oo 

^ be a r.v. independent of {Xt)t>o E^nd uniformly distributed on [a, 6]. Then under / Q^y\-)ip{y)dy: 

Jo 

• {Xt;0 <t <T^) is distributed as {Xt; < t < T^) under Pq, 

• — Xt+T; ; i > 0) is distributed as a three dimensional Bessel process started at 0. 

/"OO 

In particular {Xt; t < Ta) has the same distribution under either Qq or / Qq'\') v{y)dy- 

Jo 

3) Let Rb-a be a three dimensional Bessel process started at 6 — a, and g be the unique time t such 
that Rb-aij) — uif Rb-a{u)- Then : 

u>0 

• {^Rb~a{t + g) — inf i > O) is independent of (i?h_a(t); < t < g) and is distributed as 
a three dimensional Bessel process started at 0, 

• inf Rb-a{u) is uniformly distributed on [0, fc~a], and conditionally on inf Rb-a{u) — x, (Rb-a{t)', < 

u>0 u>0 

t ^ g) is distributed as a Brownian motion started at 5 — a, and stopped when it reaches x. 

/>oo 

This implies that the law of {Xt+Ta'^ ^ > 0) is the same under either Qq or / Qo'\ ) 'p{y)dy. 

Jo 

4) Let Lp : M+ ^ M+ be a Borel function such that / Lp{y)dy — 1. It is clear that Qg is equal to Qq, 

Jo 

with : 

/"OO 

Ql{Tt):^EQ[lr,{{St^XtMSt)+ / v{y)dy)],t > 0,Vt € Tf 

J St 

But we have proved that the two p.m. Qq and / Q'^q\') v{y)dy coincide when (^(a;) = l[a,b]{x). 

Jo — a ' 

/•oo 

Since ip — > Qq and ip — > / Qo'\')'4'iy)dy are linear (with respect to convex combinations), then 

Jo 

Qti-)^ / Q^^\-)v[y)dy, (5.2) 
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holds for any elementary function Lp of the type : (f ~ y ^ Cil[a. ;,.] . Approximating a continuous 

i 

function with compact support by a sequence of stepwise constant functions of the previous type, 
permits to prove (|5.1(l . ip being a positive continuous function with compact support in [0, +cxd[. The 
Riesz representation theorem allows to extend H5.2(l and H5.1II to any Borel and positive ip, the details 
are left to the reader. 



We have already observed that if we take A = 0, then the Kennedy martingale M'^'^ coincides with 
M"^. This leads us to generalize ProDOsition l5.1l We give (see Proposition l5 . 21 below '1 a direct proof of 
Theorem 14 . 71 via a disintegration of the p.m. Qq'"''. Formally taking A —> in Proposition 15 . 21 permits 
to recover Proposition 15. II However the proofs of Propositions 15 . 21 and 15 . II are different. 
Let A > 0, X > and Qq be the unique p.m. on the canonical space such that : 

• [Xt] <t < Tx) is distributed as a Brownian motion with drift A, started at 0, and stopped at 
its first hitting time of x, 

• {x — Xt+T^;t > 0) is distributed as {z[^'^;t > 0) under Pq, where : 

pt 

zj^^^=Xt + X coth(AZ(^))du. (5.3) 



We observe that : 

Q(^)^limQo^'(^). (5.4) 

A — >V 

Proposition 5.2 Let $ be the functions defined by fS.ll}) . resp. kS.lfJp . and parametrized by the 
function ip satisfying / ip{z)e~'^^ dz = 1. Then : 



Qo'^(-)= / Ql-^'\-)e-'^ymdy. (5.5) 

JO 

Proof. Let F S J^ao- Using the definition of Qq'"^ and (|3.2U|) . we have : 



" V'(-S'oo) 

- 2A 

Conditioning on Soo and using (|3.19|l leads to : 



o^--(F) = i?^<-.,[^e^^-lr]. (5.6) 



Qo'^^r) = / e~^yi^{y)Pi->^\T\S^ = y)dy. 
Jo 



The equality : Qq''"^\t) = pj '^■'(FjS'co = y) follows directly from the well-known theorem of Williams 



We now investigate the law of (Xt) under Qq, where is a p.m. on [a, oo[x [a, cxd[, for some a > 0. 
The p.m. Qq has been already introduced in Theorem 13 . 1 81 and (M^"^) is the Po-martingale defined in 
Proposition l3.16l Note that the penalization result has been proved (see Theorem 13. 18|) for the triplet 
{St,It,L^) but we have only described the law of (Xt) under Qq'; this p.m. being associated with 
the two dimensional process {X^ = 5't V It,L^). Hence Theorem 15.31 below, generalizes Theorem 14.91 
Moreover, its proof hinges on a disintegration of Qq and does not use enlargement of filtration . 
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Let Qq'* be the p.m. on (ft, Too) defined as the law of {Y^'^) under Pq; where s, i > and (V/'*) is the 
solution of the following SDE : 



* 1 . /•* 1 



Yt=Xt- Tr'^{Y^>Q}du+ l{Y^<Q}du. (5.7) 

JO ^ ~ Jo * + ^ti 

It will cause no confusion to keep the same letter Q to designate the p.m used in both Proposition 15. 21 
above and Theorem 15 . HI below . since the first p.m.'s is always indexed by (A, (y)) and the second p.m. 
by(s,i). 

Coming back to (|5.7|) . F. Knight ([H]) already considered the process {Y^'^) and called it the "Brownian 
taboo process" . Intuitively it is a Brownian motion conditioned on never reaching ±s, the taboo levels. 
Likewise, from ()5.7() . it can be proved that : 

• the process (F/'*) takes its values in ] — i, s[, 

• supK/'* — s and inf YJ"'^ — —i. 
t>Q t>o 

These properties may be also proved via the classification of boundary points s, — i of the diffusion 
process (F/'*) (see for instance (^J, section V 50-51). 

Theorem 5.3 1. Under Qq, is infinite, Soo, loo are finite r.v., and the distribution 0/(6*00,^00) 
is V. 

2. We have : 

Qo(-)= / Qr{-y{ds,di). (5.8) 

J([0,+oo[)2 

Remark 5.4 The probabilistic interpretation of the disintegration property f5.iSI) is the following : 
conditionally on Soo — s, loo — i, the law of (Xf) under Qq coincides with the law of {Y^'') under Pq. 

Proof of Theorem 15.31 11 To determine the law of (5*00, loo) and prove that Lj^ = 00 a.s., we can 
proceed as in the proof of Theorem 14.91 The details are left to the reader. 
2) Let us prove (|5.8() . Let s,i > fixed, and b be the function : 

K^) = ^{0<x<s} + — l{-i<K<0}- 

s — a; I + X 

The Girsanov theorem implies that : 

where ^ ^ 

et = exp{^ h{Xu)dXu-\j^ b{X^fduy 

Applying the Ito-Tanaka formula we obtain : 

Hs-Xt) = M^)-lj^J{x.>o}dX^-lljj^^lix.,>o}du-l-L^,, 



where t <TsAT^ 
It follows that : 



1 1 /" 1 1 

In(i-AV) = -— ^l|x.<o|<iX. - - / , ^ l|x.<o,<i« - ^M!, 
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Summarizing previous calculations, we get : 



Qo' l^t = ( 



= 1- 



1 - 



x: 



Integrating with respect to v{ds,di) implies directly H5.8|l . since the martingale (Mj") is defined by 

inisu- ■ 

Our Theorem 15 . 31 provides a short proof of Lemma [3. 191 It is actually possible to demonstrate directly 
Lemma 15. 191 however tedious calculations are necessary. 
Let a, 6 > 0, v{ds, di) := Sa{ds) (g) Sbidi) and Mt = . 
Applying the definition H3.51(l of (M(), we have : 



Mt = ^(a - Xt){b ~ Xr)e^^'l{t<T„AT_,}; t > 0, 



with c = 



1.1 1^ 
2' a ^ 6' 



Due to the definition of Qq'^, we get 



1 



ia-X+)ib-X, 



= En 



1 



(a~X+)(6-Xr) 



- ^^o[e'^'^'l{t<T„AT_,}] 



Consequently 



lim -Bo[e'=-^*l{t<T„AT_,}] =a6 lim Eq^ 



1 



ia-X+)ib~X~) 



But under Qq, (Xt) is a recurrent diffusion. It is easy to compute its invariant density function g since 
this function solves : 

+ + =0 ifx>0, 



2' 

0.9" (a;) 





9{x) 


a — X 


(a — xY 






b + x 


(b + x)^ 



Finally 



We observe that 



(a + 6)a2&2 



if x < 0, 



6^(a - a::)^l{o<a;<a} + a^ib + xf'i^{-b<x<o} 



i{a-x+){b-x-f^'''^'^''^ 2ab- 



In particular the integral above is finite and 



lim En" 



.ia-X+){b-Xn 

This finishes the proof of Lemma [3. 191 since : 

3 
lim i;o[e/-^'l{t<T„AT_i,}] = t;- 

Remark 5.5 1. It is easy to deduce from the previous analysis that 



lim £;o[e"^'l{t<T„AT_.}] = ( 



oo if a > c, 
if a < c. 



(5.9) 



(5.10) 
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may he generalized as follows. Let {Yt) be Walsh's Brownian motion with parameters 

n 

iPi)i<i<n, where < pi < 1 and ^^^Pi — 1- We recall (see Walsh's original paper ^161, and also 

i=l 

^ and for detailed constructions), that this process takes its values in a union of half-lines 
Ji, • • • ,/„ such that n"^]^/i = {0}. Heuristically, this process : 

• moves as a one- dimensional Brownian motion inside each li, 

• when it reaches 0, it chooses at random, with probability pi, to evolve in Ii . 

Now, the statement of Lem,m,a, \S. 1 ,91 mau be extended in the following manner : 

if a < c, 

^lim £;^e"^4|l{<;><,^jj - <j 3/2 if a ^ c, (5.11) 

oo if a > c, 




In this section, we sketch a number of results which shall appear in |15j . 
For simplicity, we shall only discuss here Case 1. 

1. To prove our main limit result, rather than considering E[ip{St)\J-'s], as t — > oo, we study 
P(rs|S't — y], which is shown to converge as i ^ oo towards QQ^''(rs). 

2. Also, we study the speed of convergence of Qg j(rs), where Qq^. denotes the p.m. Qq^. defined 

/•oo 

by (|1.6|1 with Ft — </?(S't). More precisely, suppose that satisfies moreover / ip{t)t^dt < oo, 

JQ 

we then prove that there exists a Po-martingale (N^) such that : 

-^^-^^E[lrM^\^^^ , Vr.G^.. (6.1) 

We obtain more generally an expansion of the left side of H6.1|l in powers of (1/t), to any order. 



3. Finally we consider ( JHIj ^M) same problems with Ft — f{Xt, St) where / 



. X 



We suppose : 

7:=fdxl {2y-x)f{x,y)dy (6.2) 



+ 



Denote f = l/f. 

Then we establish that Qo,t(rs) converges to fEo [ir^ M^] , t — > oo, for any Fs e J-g where ip is 
given by : 



V{y)^f I dx f{x,z)dz+ / f{x,y){y ~ x)dx. 



V 
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